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SCALAR CURVATURE RIGIDITY OF ALMOST 
; HERMITIAN MANIFOLDS WHICH ARE ASYMPTOTIC 

O ■ TO CH^" 

o ■ 

(N 

. Abstract. We show that an almost Hermitian manifold (M, g) of real 

' dimension 4n which is strongly asymptotic to CH'^" and satisfies a cer- 

tain scalar curvature bound must be isometric to the complex hyperbolic 
space. Assuming Kahler instead of almost Hermitian this gives the al- 
\^ ' ready known rigidity result by H. Boualem and M. Herzlich proved in 

, Ann. Scuola Norm. Sup Pisa (Ser. V), vol. 1(2). 

■5 

1. Introduction 

Scalar curvature rigidity of hyperbolic spaces is a frequently studied prob- 
^ ■ lem (cf. [m HI Ei Cni EI). M. Herzlich showed in W that a strongly 

CN . asymptotically complex hyperbolic Kahler spin manifold {M'^^,g) of odd 

I complex dimension m and with scalar curvature seal > — 4m(m + 1) must 

be isometric to the complex hyperbolic space CH™. In [2i H. Boualem and 
\ M. Herzlich gave the corresponding result in the even complex dimensional 

^ ' case, but because of a different representation theory, the spin assumption 

has to be replaced by another topological condition. In [Hj we generalized 
the odd complex dimensional case in the way that we only assumed almost 
■ Hermitian instead of Kahler. In particular, we proved that a complete al- 

most Hermitian spin manifold (M, g,J) of odd complex dimension m which 
is strongly asymptotically complex hyperbolic and satisfies the scalar cur- 
vature bound 

seal > -4m{m + 1) + 6\/2m|VJ| 

must be Kahler and isometric to the complex hyperbolic space. In this paper 
we consider the case of even complex dimension m. In order to do so, the 
spin assumption is replaced by the existence of an appropriate complex line 
bundle which is the associated line bundle of a chosen spin"^ structure. Since 
an almost Hermitian manifold {M,g,J) is already spin'^ (cf. ^ App. D]), 
there is no need for additional topological assumptions on M. 

Definition 1. ((DH™, (/o) denotes the complex hyperbolic space of complex 
dimension m and holomorphic sectional curvature —4, i.e. K € [—4,-1], 
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as well as -Br((?) C M is the set of all p G M with geodesic distance to 
q less than R. Let {M'^"^,g,J) be an almost Hermitian manifold, i.e. g is 
a Riemannian metric and J is a ^(-compatible almost complex structure. 
(M, g, J) is said to be strongly asymptotically complex hyperbolic if there is 
a compact manifold C C M and a diffeomorphism f : E := M — C ^ 
CH"* — B^{0) in such a way that the positive definite gauge transformation 
A e r(End(rM|£;)) given by 

g{AX, AY) = if* go) {X, Y) g{AX, Y)=g{X,AY) 

satisfies: 

(1) ^ is uniformly bounded. 

(2) Suppose r is the /*yo-distance to a fixed point, V'^ is the Levi-Civita 
connection for f*go and Jq is the complex structure of CH"^ pulled 
back to E, then (for some e > 0) 

|V°^| + \A- Id| + I Jo -J\e 0(e-2("*+^+^)^). 

Theorem 1. Let (M, g, J) be a complete almost Hermitian manifold of even 
complex dimension m = 2n which is strongly asymptotically complex hyper- 
bolic. Suppose ^ € T(A^'^M) is a closed2-form representing the real Chern 
class of a complex line bundle A which defines a spin^ structure on M. If 

(1) 2J) + a; G 0(e-2("^+^+^)") 
[^l = g{., J.)] and the scalar curvature satisfies 

(2) seal > -4m(m + 1) + ci \d*n\ + C2 \\V'n\ + \V"n\\ + |4J^ + 2a;| , 
then {M,g,J) is Kdhler and isometric to CH"*. 

In this case ci and C2 are constants depending on the complex dimension: 



ci:=2\l^^^^-^, C2 := 2 ( m + 1 - Vm^ - 1 + ^ 



m - 1' ' \ Vm^ - 

in particular ci,C2 ~ 2 for large m. Throughout this paper O = g{-,J.) 
always denotes the 2-form associated to J, d* is formal L^-adjoint of the 
exterior derivative d and T>' + D" is the Dolbeault decomposition oi T) = 
d + d* in A*(TM) (g) C, i.e. if ei, . . . , e2m is an orthonormal base, we define 
V' = ^e]'" ■ Vej and V" = ^ej'^ ■ V^^ . Introduce V := d^ + d^'* with 
d'':=J2 J{ek) A and d^'* := - E J{ek)^^ek , we obtain V' = ^{V- iV) 
as well as V" = ^{V + iV^). In particular, we can estimate 

\v'n\ + \v"n\ < \vn\ + ivn] = \d*n\ + \dn\ + \d^'*n\ + id^n]. 

Moreover, using the facts \Vri\ < |Ve^??| < V2m\Vri\ as well as {V^rjl < 
^/2m\Vr|\ for all r/ e r(A*M) we get 

\v'n\ + \v"n\ < 2V2m\vn\. 
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In complex dimension m = 2, the constant C2 in inequality ((21) can be 
improved by setting C2 := 2(3 — Vs). Furthermore, condition can be 
replaced (in all dimensions) by one of the following asymptotic assumptions 
on g: 

(i) seal + 4m(m + 1) G 0(e-2("^+i+€)r) 

(ii) IV^VMI G 0(e-2("^+i+^)'-). 

Note that (ii) together with the asymptotic assumptions imply (i), and (i) 
together with inequality © yield Moreover, assuming that Q is a sym- 
plectic form (i.e. dO = 0), leads to a much simpler statement of the previous 
theorem. 

Corollary 1. Let {M,g,J) be a complete almost Hermitian manifold of 
even complex dimension m = 2n which is strongly asymptotically complex 
hyperbolic, and suppose one of the following conditions: 

(i) dQ = and M is diffeomorphic to R^™. 

(i) O is exact and M is spin. 

(ii) df2 = and — — represents the real Chern class of a complex line 
bundle which defines a spin"^ structure on M . 

If the scalar curvature satisfies 



then {M,g, J) is Kdhler and isometric to CH™". 

Combining the methods in this paper and in |3] yield a non-spin version 
of the result in 

Proposition 1. Let {M,g,J) be a complete almost Hermitian manifold of 
odd complex dimension m = 2n+l which is strongly asymptotically complex 
hyperbolic. Suppose A is the associated complex line bundle of a chosen spin'^ 
structure on M, and ^ G r(A^'"'^M) represents the real Chern class of X. If 
uj G 0(e~^("^'^^+'^)'') and the scalar curvature satisfies 



then {M,g, J) is Kdhler and isometric to CH™. 

The proof in the complex even dimensional case is much more technical 
than in the odd dimensional case. We have to modify the ordinary Killing 
structure in order to show a suitable Bochner-Weitzenbock formula which 
is necessary to use the non-compact Bochner technique. 



Let (M, g, J) be an almost Hermitian manifold of complex dimension m, 
then M is a spin'^ manifold (cf. ^ App. D]). Suppose !^^M is a complex 
spinor bundle of M with associated complex line bundle A. We denote 



seal > -4m(m + 1) + (ci + 2c2)v2m|Vfi 




seal > -4m(m + 1) + 2 \d*n\ + \V'n\ + \V"n\ +2 \io 
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by 7 respectively • the Clifford multiplication on ^'^M. ^^M decomposes 
orthogonal into 

(3) rM = ^^©---e^^ 

(cf. [ZllHI) where each is an eigenspace of 7(^2) to the eigenvalue \{m — 2j). 
Let TTj be the orthogonal projections $'^M — > The decomposition © is 
parallel (i.e. VvTj = for all j) if {g, J) is Kahler. As usual we introduce 
X^'^ := \{X-iJ{X)) andXO'i := \{X + U{X)). We obtain 7(Xi'0) : 

as well as 7(^°'^) : ^ where = {0} if j ^ {0, . . . , m}. If 

is a spin*^ connection on ^^M , Tf>'^ denotes the corresponding Dirac operator. 
The 2-form uj appearing in the Lichnerowicz formula (cf. ^ Thm. D12]): 

(4) (r)' = v*v^+^ + A^(^) 

will be called the the curvature 2-form associated to (for the moment 
is an arbitrary spin*^ connection, but in order to show the main theorem 
we will consider the canonical spin"^ connection induced by the choice of the 
connection on the complex line bundle A). Let {g, J) be Kahler and consider 
the connection V*^ := + 21 with 

2tx := Ki7(^''°)vr„-i + K27(X°'')^n 
n := [ "^2^ ]- Since 21 is parallel w.r.t. V^, we obtain 

R'x,Y = R'xx + ^i^2{liX'''hiY''') - 7(y°'^)7(^''°))^n.i 

+ KiK2(7(^''°)7(l'°'') - l{Y'''HX'''))7rn. 

Suppose TZ : A^M — > A^M is the Riemannian curvature operator, then the 
curvature of satisfies 

(6) Rj,^y = ^-/inx A Y)) + ^oj{X, Y). 
Therefore, 

^1,0 . yO,i _ yi,o . js^o.i ^ AY + JX A JY - 2in{X, Y)) 

(7) 2 

^0,1 . yi,0 _ yO,i . j^ifi ^ AY + JX AJY + 2in{X, Y)) 

leads to the following proposition: 

Proposition 2. Suppose {M, g, J) is a simply connected Kahler manifold of 
constant holomorphic sectional curvature k and complex dimension m, then 



V is a fiat connection on the subbundle V = $^^-1 $^M, n 

(1) m is odd, k = 4:KiK2 and = (i.e. in particular M is spin) 

(2) m is even, k = AkiK2 and uj = 2kiK2^ = ^k^. 
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Proof. Since M is simply connected, V*' is flat if and only if = 0. 
(M, g, J) is of constant holomorphic curvature k if and only if the Rie- 
mannian curvature operator satisfies 

n{X AY) = AY + JX AJY + 2n{X, Y)n). 

Thus, we conclude the claim from 7(0) = — '2j)T^i- D 

3. Integrated Bochner-Weitzenbock formula 

In order to show the main theorem, we need a suitable integrated Bochner- 
Weitzenbock formula. In the case of even complex dimension m it is not pos- 
sible to show a useful Bochner-Weitzenbock formula for the Killing structure 
21 introduced above. However, a minor modification of the Killing structure 
yields the correct formula. Suppose (M, (7, J) is almost Hermitian of even 
complex dimension m = 2n, n > 1. We define V := its projection 

pry := TTn-i + 7r„ and 

with (note that 7rn-2 = if n < 2) 



ai = \ — -, Pi = m + l-{m + 2)ai, 

"m + 1 



Z'^ + l a , 1 

Oi2 = \ 7, P2 = m + 1 — ma2, 

V m — 1 

then To pry equals 2t if we set Kj := iaj. Moreover, define 

T := — i(m + 2)aiT:n-i - ima2-Kn - i("7, + 1) ^ iTj 

= -i(m + 1) + i/3i7r„_i + i/327r„. 

Lemma 1. + is a selfadjoint endomorphism on the complex 

spinor bundle ^'^M (for every vector field X). Moreover, we have (for any 
orthonormal base ei, . . . , 62771^^ 

2m 

(8) T := ^(ej ■%e,)=To pry - i/?i(m + 4)7r„_2 - 1/^2 (m + 2)7r„+i. 

Proo/. Using the facts {-i{X^^^)'Kjf = -7(X0'i)7rj+i and (7(X0'i)7rj)* = 
—^{X^'^)iTj-\ we compute 

(Tx)* = i (ai^°''7r„ + asXi'^Tr^-i + piX'^^^iTn-i + /32^''°7r„) 
as well as 

(7(X)r)* = -i(m + 1)7(X) + i/3i(XO'i7r„ + Xi'07r„_2)+ 

+i/32(X0'i7r„+i + Xi'07r„_i). 
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This leads to 

= i(ai - 02 + /3i - /32)(Xi'07r„_i - = 0. 

The second claim follows from the facts 

2m 2m 

(9) X^Cfe-e^' =-m + i7(J7) and ^Cfc-e^^,' =-m-i'y{Q). 

k=l k=l 

□ 

Proposition 3. Let (M, g, J) be almost Hermitian of even complex dimen- 
sion m = 2n. Suppose is a spin^ connection on ^^AI and T as well as 
T are given as above. Define the connection V := + T and the operator 
Tf) ■.= Tf>^ ^ T. Then the integrated Bochner-Weitzenbock formula 

dN N 

holds for any compact N C M and Lp,ip £ T{^'^M). In this case v is the 
outward normal vector field on dN and 9^ is given by 

+ ^7(w) + (m + 2)(m - l)7r„_i + m{m + l)7r„ + (m + l)^pry± 
-(m + 4) I3f 7rn-2 -{m + 2)/3|^„+i + 5% + IpT 

while UJ is the curvature 2 -form associated to V*^ [cf. pry^ ^■^ P''"^' 

jection to the orthogonal complement of V in ^'^M , 5% is the divergence of 
i.e. 5% = ^(Vg_^,T)ej and IpT is given by ^ ej • {SJ'^.T). Moreover, the 

boundary operator V ^ + v ■ is selfadjoint. 

Proof. The selfadjointness of the boundary operator + v - Tp follows im- 
mediately from the selfadjointness of + i'-']p^ and Tiy + v-T (since is a 
Hermitian connection). The formal L^-adjoint of Tj) is given by = Tp^—T. 
Thus, we can easily verify 

N dN N 

as well as 

2m 

+ ipr + Y,{l{ei)T -T^{e,))Vl. 
1=1 
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Moreover, a straightforward calculation shows 

AT N 

= I {Kip + 1,^,4^) + 1 (v*vv,V') + 

dN N 

„ 2m 

+ J {lip, TV) - {S'l^, V') + ( - 2:ejv^^(^, 

AT »=1 

for all ip,ip G r(,^'^M). Therefore, the Lichnerowicz formula Q and the fact 
(previous lemma, T* = — T) 

yields the claim with 

^ = ^scal + ^7(u;) + {m+lfpTy± + (m + 2)2Q?7r„_i+ 

2m 

Use 7rj7(X)7rj_i = j{X^'^)TTj-i and 7rj7(X)7rj+i = j{X^'^)TTj^i as well as 
® and Xi'O • Xi'O = X^'^ ■ X°'^ = to compute 

2m 

T*^- o 2:ej = (m + 2)ai7r„_i + ma27r„ + (m + 4)/3i7r.„_2 + (m + 2)/3|7r„+i. 

i=i 

Therefore, we obtain from 

(m + 2)^01 - (m + 2)ai = (m + 2)(m - 1) 
m^a| — 1710.2 — ^{iT^ + !)• 

□ 

Remark 1. Since !^ is not the Dirac operator of V, we made a difference 
in the notation. However, if 'p = ^ ej ■ Vg^ denotes the Dirac operator of 
V, equation (jS)) yields "p o pry = o pry. Moreover, if (/9 is a section in 
^'^M with V(/3 = as well as pip = 0, then 93 is a section in V [use the fact 
pp = and equation ©]. 

Lemma 2. The endomorphism 

+ (m + 2)(m - l)7r„_i + m{m + l)7r„ + (m + l)^pry± 

- (m + 4)/3i7r„_2 - (m + 2)/3|7r„+i - m{m + l)Id 
is non~negative definite on f'^M /Ti = g{., J.)]. 
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Proof. Since i'yi^) = —^jim — 2j)-Kj we conclude the claim on for j 
different from n — 2 and n + 1. It remains to show that 

/i(m) := 4 + (m + 1) - (m + 4)/?f > 

/sM := -2 + (m + 1) - (m + 2)0^ > 

Both functions are increasing and since /i(2) > and /2(2) > 0, we get the 
claim (we only consider the case of complex dimension m>2). □ 

Lemma 3. Suppose inequality |^ of the main theorem holds, then at each 
point of M , y{ has no negative eigenvalues: 9^ > 0. 

Proof. If ?7 is a two form, the operator norm of 7(7/) on ^'^M can be estimated 
by |?7| 

< \v\- 

Using the last lemma we obtain 



x:; seal 

9\ > — — +m(m+ 1 
4 



2 



\51 + IpT\ . 



Therefore, we have to find an estimate for 51. + IpT. A straightforward 
calculation shows 

2m 

^ 2m 

=-7{SJ){aiTTn-i - a27r„ + /?i7r„_2 - /?27r„+i) + (^aie]'°Ve^.7r„_i 
as well as 



2m 



Set a = ai + f3i = 02+ (32, then = V on Clc{TM) = End(^''M) yields 



+ 



(10) 



+ 



,7r„+i I . 

Thus, we have to estimate 'Vx'^r- We conclude from TT^-k^i^) = 2A;i7r„„fc 

{VxTTn-k){2ki - -/{Q)) = TTn-k7{yX^) 

as well as from 7(r2)7r„_fc = 2/ci7r„_fc 

(2M - 7(f^))(Vxvr„_fc) = 7(VxJ^)vr„-fc. 
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Using the facts Trr{V x'^r)'^j- = for all r and 

2ki — 7(ri) = CjTTj 

with \cj\ > 2, iVxTTrl can be estimated by ^|VxO|. Moreover, 

2m 2m 

i=i i=i 

leads to 



2m 



if 7r„_fc(0) = 0, and 



2m 



2m 



i=i 



i-k) 



J;7(e]'°)(2A;i-7(^^))(Ve,^„, 
i=i 

2m 

j;((2A:-2)i-7(17))7(ej'°)(Ve,^„ 



shows 



2m 



< -|7(^^'f^)0|, 



if € $n~k- t^is used Hn-k+ii^^^ ■ ^ ej'^n-k)'^n-k = and the 

fact that (2/c — 2)i — 7(r2) has absolute minimal eigenvalue 2 on The 
same procedure yields 

2m 



- 2' ' 



for all r. Thus, we obtain 

2 



and 



\Pi\ + m = Pi-P2 



a = m 



+ 1 — \/ m? — 1 



supplies the claim: $H > 0. In complex dimension m = 2 there is a better 
estimate of 6T + ^T. Since the decomposition ^""M = {$''M)+ © {^''M)- 
induced by the volume form is parallel and we have {^^M)~ = as well 
as {^'^M)~^ = © 5 '^1 = T^- is parallel and we obtain the improvement 
if m = 2 from and the above considerations: 

+ < ^\d*n\ + ^\v'n\ + \M±lM\v"n\. 

□ 
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Proposition 4. Suppose (M, g, J) is a complete almost Hermitian manifold 
of complex dimension m, ^^M is a complex spinor bundle of M , is a 
spin^ connection and uj is the curvature two form associated to V^. If the 
scalar curvature is uniformly bounded with 



(11) 



seal 



> —mini + 1) + 



Q. + -UJ 
2 



then the Dirac operator 

is an isomorphism of Hilbert spaces. 
Proof. First we show that 

:= 'p" ± i(m + 1) : W^''^{M, ^^M) L^{M, ^^M) 

are isomorphism of Hilbert spaces if the scalar curvature inequality is 
satisfied, "pj^ is bounded on W^^'^, i.e. the symmetric bilinear form 



M 



is well defined and bounded on W^'"^. Let be a section in ^'^M with com- 
pact support in M, then using the Lichnerowicz formula Q and inequality 
((TT|) leads to 



j \V^(t)\^ + (m + + ^ [rn{m + 1) + ^ + ^cu- 



M 



> j \V^(p\^ + {m + l 



M 



Therefore, |7(f^)| < m on ^'^M implies that B± is coercive, in particular 
B± is a scalar product on W^''^. This proves the injectivity of "p^. The 
surjectivity of follows from the Riesz representation theorem and 
Thm. 2.8] (cf. P El III]).^The Dirac operator ^ = + T is bounded 
w.r.t. the VF^'^-norm, i.e. ^ is well defined and the bilinear form 

M 
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is well defined and bounded on W^''^{M, I^^M). Using the definition of 'p 
and the above estimate lead to 

f + i (/3i7r„_i(0) + /32vr„(0),f _ 



B 



M 



> 



M 



> 



\Pl\ + \p2 



\Pl\ + \p2 



Fn-l' 



2 



+ 101 )-^Fn-10| - ^Kr, 



M 



If m > 2 one can verify that |/3i|, \P2\ < 1 as well as + ^|/?2| < 1 and 
|/92| + ^|/3i| < 1 (use the fact that and |/3i| are decreasing and the 
inequalities hold in case m = 2). Thus we conclude that B is coercive on 
W^''^{M,^^M). In particular, ip has to be injective and the surjectivity 
remains to show. Suppose ifj S L'^{M, ^'^M), then 



M 



is a bounded linear functional on W^''^{M, ^'^M). The Lax-Milgram theo- 
rem (cf. H Ch. 5.8]) yields a spinor ^ G W^'^iMj'^M) with 

for all (p G W^'^. Set ( := - ^ G L'^, then C is a weak solution of ^_^C, 
in this case we used (^_)* = Elliptic theory supplies that C is smooth 
and since = -i(m + 1)C G i^ theorem 2.8 in yields C e 1^^'^- But 
is injective on W^''^, i.e. C = shows the surjectivity of □ 

Lemma 4. ^ Suppose 6 is a closed two form on CH™ with 6 G 0{e~^'^), 
6 > 3 (r is the complex hyperbolic distance to a fixed point). Then there is 
a 1-form rj G 0{e~^^) with drj = 9. 

Proof. Suppose X is the unit radial vector field of some polar chart on 
CH"* - Bro{0), ro > 0. Let ipt be the flow of X and define rji by 



x^^ie dt, 



then G 0(e^*) yields dr/i = 6 as weh as 77 G O(e-'^0 on CH" - Br,M- 
Suppose / is a cut off function for ^^.^(O), i.e. / is smooth, / = on i?-ro(0) 
and / = 1 on CH"* — i?ri(0) for some ri > rg, then — d(/ryi) is a closed 
and compact supported two form on CH™. Thus, CH™ ~ R^™" yields a 
compact supported 1-form 7/2 with dr72 = — d(/ryi), and 77 := /r/i + 772 
satisfies dr] = 9 as well as r/ G 0(e^^''). □ 

■'■Private communication -with M. Herzlich 
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Lemma 5. Suppose {V,q) is a vector space of real dimension 2m with a 
quadratic form q and a q-compatible complex structure J. Denote by S = 
(BSr the complex spinor space of V where Sr are induced by the action of 
the Kdhler form Q, . Then Clifford multiplication 

7|au : A^'V = 5u(y) C Cl\V,q) ^ End(5,) 

is injective if < r < m and trivial if r = or r = m. Moreover, if Id 
denotes the identity in End(5r.), i • Id is not in the image of 7|gy for all 
r = . . . m. 

Proof. We follow a proof given in |6|. Clifford multiplication of two forms 
supplies a representation 

A : AI'\V) End(5r), 

since 6 ■ Sr C Sr for each 9 e A^''^{V). With the inclusion 5u(m) C so(2m) 
the representation p : so(2m) End(C/2m) (cf. ^ Ch. II (3.1)]) restricts 
to a representation 

p : 5u(m) ^ End(a^^) = End(End(5)) 

[p is the Lie-algebra version of Ad : SU(m) C Spin(2m) Aut(C/2m)]- 
Moreover, the adjoint representation 

ad:5u(m) ^ End(Ao'^(F)). 

is irreducible (since 5u(m) is simple). With these definitions A is su(m)- 
equivariant, that means 

p{B)\{eo) = A(ad(5)0o) 

holds on Sr for any B G 5u(m) and 6*0 G A^q^{V). Thus, if 6*0 G Ag'^(F) is in 
the kernel of A, A(ad(i?)^o) vanishes for all B G 5u(?tt.), in particular ker(A) 
is su(m)-invariant (in the representation ad). In particular the irreducibility 
of ad supplies ker(A) = {0} or ker(A) = Aq' iV). The second case appears 
if and only if r = or r = m: let e G F with q{e) = 1, then Clifford 
multiplication on Sr with Je f\e — -^Vl ^ Aq' V is invertible: 

(1 \ / 1 \ 1 o Amr — Ar'^ 
e A Je - -^hije A e - = Id + ^7(f^) = o ^5.- 

This implies ker(A) = {0} if < r < m. That 7|5u can not be injective 
on Sq or 5m follows immediately from dim 5*0 = dimS^ = 1- In order to 
see the second claim in the case r ^ 0,m we use again the irreducibility 
of ad : su(m) End(su(?7i)). The image of 7|su(m) is isomorphic (as Lie 
algebras) to su(m). Thus, considering the adjoint transformation 

ad : Im(7|gJ End(Im(7|gJ) 

yields ad(/) / for all / G Im(7|5u) — {0} (otherwise ad is reducible). 
In particular, if i • Id is contained in Im(7|^u), ad(i • Id) = leads to a 
contradiction. □ 
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Corollary 2. Clifford multiplication with A ' M-forms on V is injective. 
Proof. Suppose 

1 

V = rio iv, ^) ^ 

m 

is a A-^'^-form with r/o G Aq'^ and 7(77) = on V = ^^-i ® '^n- Since 
7(0) = on the last lemma yields 770 = (0 < n < m). Thus, ^{0.) = 21 
on ^„_i supplies [r], J7) = which shows r/ = 0. □ 

4. Proof of the main theorem 

Let (M, (7, J) be an almost Hermitian manifold which is strongly asymp- 
totically complex hyperbolic, where £^ C M is supposed to be the Euclidean 
end of M. We denote by ^"^M the considered spin'^ bundle as well as by 
the canonical spin'^ connection determined by the choice of the connection 
on the complex line bundle A which has curvature lj (cf. [SI Prop. Dll]). The 
spin connection V is well defined and unique on ^^M^^ ^-^d differs from 
by an imaginary valued 1-form: irj{X) := — Vx which satisfies 2dr7 = uj 
on E. Let go be the complex hyperbolic metric on E with Kahler structure 
^0 ■= 9'o(-) •^0-) [(50) <^o) is of constant holomorphic sectional curvature —4]. 
V*^ denotes the Levi-Civita connection for go on TM|£; as well as the canon- 
ical spin connection for go on ^'^M\^. We conclude from the asymptotic 
assumptions and condition (^: f^o + G 0{e~^^') with 5 = 2{m + 1 + e). 
Therefore, lemma@]supplies a 1-form 770 on E (use again a cut off argument) 
with dr/o = Vlo + and 770 S 0{e~^'^). Thus, the connection 

V°'^:=V° + i77(.)-ir/o(.) 
is a spin'^ connection on ^"^M^^ with associated curvature two form 

2d(?7 — ?7o) = UJ — 2d?7o = —2VLo. 

Define V° := V°'^ + 2t° on f^'M^E with := iaj (j = 1,2), we conclude 
from proposition [21 that V'^ is a flat connection on the subbundle V'^ . We 
consider the connection V := + T on ^'^M and show that the restriction 
of V to V is asymptotic to V''. The gauge transformation A extends to a 
bundle isomorphism A : ^'^M^^ ~^ $^^\e with (cf. 1 ) 

- VV| < C \A-^\ |V°A| \<f\ + \r]oM , 

where V is a connection on ^^M^^ given by AV^''^ A~^ . Let if^o be a spinor 

on E' C M which is parallel with respect to V''. Set := h{Aipo) for some 
cut off function /i, i.e. /i = 1 at infinity, /i = in M — £' and supp(d/i) 
compact. We compute 

VxV' ={Xh)A^o + h{V\A^o + Tx(AV'o)) 

={Xh)Aijo + - Vx)A^Po - MSl^^Vo + hlxA^Po 
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> 0, 



and thus, the asymptotic assumptions supply 

Vip £ 0{e^^-^^'') C L2(M, T*M ^"M) 

and 

(12) (v^ij + 1/ • ^V, V-) G 0{e^'^'^>) C L\M) 

(l^/^olo can be estimated by ce^'', |z^| = 1). Using proposition |3 gives a spinor 
C E M^i'2(M,^'=M) with = G L^- In particular v3 := - ^ is 
harmonic and non-trivial {ip ^ L^). Moreover, the selfadjointness of the 
boundary operator + u ■ together with ((T^ implies as usual 

lim inf / (Vt.ip + ■ 'p(p,<p) = 

r^oo J \ I 
dMr 

for a non-degenerate exhaustion {Mr} of M (cf. (Ij). Since inequality ((21) 
gives IK > 0, we conclude from the integrated Bochner-Weitzenbock formula: 

dMr Mr 

that ip is parallel w.r.t. V. Furthermore, ip has to be a section of V = $n_i ® 
-^^ (cf. remark HI), since Q = Tj)ip = + TV and = ^(/? = + TpD. 
Because V*^ is a flat connection in V*^, V is trivialized by spinors parallel 
w.r.t. V. In particular, V3f preserves sections of V which implies that pry 
is parallel w.r.t. = V. The complex spinor bundle admits an orthogonal 
and parallel decomposition ^^M = (^^^M)"*" © ((^^M)~ induced from the 
volume form. If 7r+ as well as 7r_ denote the orthogonal projections of this 
decomposition, 7r„_i is given by pry o 7r+ if n is odd and given by pry o tx_ if 
n is even. Therefore, 7r„_i as well as 7r„ = pry — 7r„_i have to be parallel and 
the Killing structure 21 = T o pry is also parallel w.r.t. V^. Moreover, the 
integrated Bochner-Weitzenbock formula implies lH((/3) = for all G r(V), 
in particular (5T = JpT = on V supply 

= ^^93 + • + (m + 2)(m - \)T[n-\P + m(m + l)7r„(/3 

for all (/9 G V. Thus, lemma^and lo G h^'^M yield seal = —Am{m + 1) and 
Lj = —2Q. Therefore, i? = on V, V^T = as well as equations (jSJ, © and 
(O imply 

^"^^^ = ^7(7^(x A y) + KiK2(^ A y + jx A jy + 20(x, y)Q)) 

on V. From the fact (cf. |2j) 

7(Ric(X)) = 2 e, • Rl^^x = E " ^ ^))' 
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we conclude Ric(X) = —2{m + 1)X, i.e. g is Einstein of scalar curvature 
-4m(m + 1). Inequality (O yields d*Q = as well as P'O = and V"^ = 0. 
In particular, V' + V" = d + d* supplies dO. = 0. Moreover, equation (|T3|) . 
K1K2 = —1 and corollary 121 show 

(14) piAi.iA/ o ^(^ A y) = X A y + A jy + 20(x, y)i7. 

Using this equation, the symmetry of the Riemannian curvature tensor and 
O G r(Ai'^M) lead to 

(7^(^7), X A y) = a y), r?) = 2(m + i)n{x, y). 

Consider the Bochner-Weitzenbock formula on h?M: 

A = d*d + dd* = V*V + IK, 

then 9^ is given by Ric + 27?. (cf. jT21 Ap. B]), where Ric acts as derivation on 
A^M. We already know, that g is Einstein, i.e. Ric = — 4(m + l)Id^2^,/ sup- 
plies y{{Q) = 0. Moreover, dfi = and <l*Vt = imply that $7 is harmonic: 
A$7 = 0, i.e. we obtain V*V$7 = 0. Using the fact 

= A|f]p = d*d|Jlp = 2(V*V0,J1) - 2(V^],V^]) 

we conclude that {g, J) is Kahler. Thus, TZ : A^M —>■ A^'^M together with 
(|14)) yield constant holomorphic sectional curvature —4 of {M,g,J). Since 
the end of M is diffeomorphic to R^™' — i?/j(0), M must be isometric to 
CH'". 
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